A simple-and-analytic form for total energy (or ground-state energy) in the uniform three-dimensional electron gas, expressed as a function of any Wigner-Seitz radius r s and relative spin polarization ζ is obtained with a very good accuracy of 0.036% from the Stoner model and our interpolation between high-and-low density limits with use of a two-point approach for the correlation energy and spin stiffness at r s = 1 and 70. This suggests a satisfactory desciption of some physical properties such as: paramagnetic-ferromagnetic phase transition and thermodynamic-and-optical phenomena.
Introduction
First of all, in the uniform three-dimensional electron gas (U3DEG) at zero temperature, it should be noted that the state of this system is entirely specified by the WignerSeitz radius rs being related to the total electron density n by:     and and mean the up-and down-spin electron densities, respectively, noting that the two particular values of ζ (= 0 and ±1) denote the paramagnetic (P) and ferromagnetic, (F) states, respectively. Furthermore, all the energies given in the following are calculated in Rydbergs (Ry). Such an U3DEG is one of the basic models of many-body physics, and has been investigated for over 73 years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In particular, for ζ = 0, some physical properties at any r s such as: Ferrell's condition for the stability of the total energy [7] , electronic pressure and compressibility [7] , virial theorem [12] , asymptotic forms for plasmon-dispersion. Coefficients obtained in low-and-high plasmon-energy limits [10] , and spin susceptibility [8, 9, 11] , were expressed in terms of the total energy and correlation energy, and their respective derivatives, being denoted in general forms for a presentation simplicity as:
The aim of the present paper is to investigate a simpleand-analytic form for E(r s , ζ) in the U3DEG, obtained with a very good accuracy of 0.036% from the Stoner model, an interpolation between high-and-low density limits (HLDL), and a two-point approach for correlation energy E c (r s , ζ) and spin stiffness α c (r s ) at r s = 1 and 70, giving rise to a satisfactory description of some physical properties such as: PF-phase transition and thermodynamic-and-optical phenomena.
Accurate and Simple Analytic Form for E(r s , ζ) at Any r s and ζ
Accounting for a neutralizing positive background and denoting   1 3 4 9π  , the total energy per particle is given by: . Thus, the present method used to obtain our result (3) for X(r s ; a) is the interpolation between HLDL, being similar to those also used in [8, 9, 11] . It should be noted that this is the unique method used to obtain the analytic expression for X(r s ; a) at any r s .
In the HDL, in which the random-phase approxima tion (RPA) may be used, the function G(r s ) can be written under a condensed Gell-Mann-and-Bruecker's as [2, 9] :
where the values of y and z [13] are given in Table 1 . In the LDL (or beyond RPA), the function W(r s ) can be written under a condensed Wigner's form [1, 9] as:
where the values of the empirical parameter a are chosen so that the relative errors of E(r s , ζ) for any r s and ζ are minimized. The values of a and x [9] are reported in Table 1 .
Going back to Equation (3), in order to determine the constants λ and γ, we now use a two-point approach by denoting: 10] , being reported in Table 1 . Thus, those constants λ and γ are determined by: (6) and
In summary, from Equations (3)- (7) and Table 1 , the correlation energy E c (r s , ζ) given in Equation (2) and total energy E(r s , ζ) in Equation (1) Table 2 , for a comparison, we only report our results of RE and those obtained from [4, 11] .
Furthermore, if neglecting the Stoner model [i.e., g = 0], then the maximal RE in absolute value of the present results is now found to be equal to 0.0625% (>0.036%), suggesting that such a Stoner model used is needed to obtain a better accuracy. Now, it is interesting to extend our numerical results of E(r s , ζ) for 0 1 
tions (1,2) are investigated as follows.
Phase Transition
1) The D FP (r s ) is negative for r s < 78.147 (the P-phase) and positive for r s > 78.147, giving rise to a first-order PE-phase transition which occurs at a critical value: r sC = 78.147, in accordance with CA's data [4]: r sC = 75 ± 5 and with ZLC's data [10] : 75 < r sC < 85. One notes that this critical value: r sC = 78.147 corresponds to a critical density: n C = 3.37 × 10 18 cm 3 being found to be equivalent to the metal-insulator transition in the n-type excited intrinsic Si occurring at 2.71 × 10 18 cm 3 [13] and in the P-Si at 3.52 × 10 18 cm 3 [14] .
D r E r   .
First-Order Phase Transition from the Total Energy
From the three states such as: the P-state represented by E P (r s ), the 
Second-Order Phase Transition from the Spin Susceptibility
First of all, if denoting the unit vector, Bohr magneton, magnetic field and spin susceptibility, respectively, by: = ζnµ B/χ. Then, the interaction-energy density U required to build up this magnetization is given by
Now, from Equation (1), by a variable change: x = cζ, c being a length unit, x thus varies from -c to c and the U3DEG induces from the Hook's law an elastic (or conservative) force for 1
 , where the spring constant (or force constant) is defined by:
, that gives:
being a simple-and-analytic form and used to compute following physical quantities. Then, in such an elastic-force model, the work required to build up the magnetization is
being used to define the interaction-energy density by:
, identical to the result (8) , that leads to a simple form for the spin susceptibility χ(erg/cm 3 ·G 2 ) as:
We now evaluate our present result (9) and plot versus r s in the following Figure 2 , in which we also report other results from [8, 9] , indicating that our present result of χ shows a singularity at a critical value: 65.6, defining thus the second-order PF-phase transition, which can be compared with ZLC's result [10] : 50.
Some Thermodynamic-Optical Phenomena
1) We first investigate the Ferrell's condition for the stability of the total energy E(r s , ζ) defined by [7] : 
Our numerical calculation indicates that it is valid up to a superior value of r s found to be given by: r sS =1200, 1400, 2200, 2300, 2600, 2700, 16000 and +∞ for ζ = 0, 0.5, 0.78, 0.79, 0.83, 0.84, 0.99 and 1, respectively, suggesting that r sS increases with increasing ζ.
2) The electronic pressure is defined [7] and related to the generalized virial theorem given in Equation (A4) of r r r r
where γ o (r s , ζ) is determined in Equation (B3) of the the Appendix B. Our numerical calculation indicates that it becomes negative for r s ≥ 5.2597 at ζ = 0 (in good accordance with the Ichimaru's result [7] : r s > 5.3), for r s ≥ 5.08 at ζ = 0.5, and for r s ≥ 4.55 at ζ =1, noting also that this negative compressibility does not imply an instability of the system when a rigid background of compensating charge is assumed.
4) Finally, in order to compare the two functions γ ∞ and γ o determined in Equations (B2) and (B3) of the Appendix B, we can study the asymptotic forms for plasmon dispersion coefficient β as follows.
For sufficiently low plasmon energies ( P   ) and if one disregards the relaxation effect in the short-time domain, β is thus reduced to [7] : 
Concluding Remarks
In summary, we have developed simple analytic forms for E(r s , ζ) and E c (r s , ζ), by basing on the Stoner model and interpolation between correct HLDL with the use of a two-point approach for correlation energy and spin stiffness at r s =1 and 70, giving rise to: 1) A best precision of the order of 0.036% for our present form for total energy, being found to be more accurate compared with other works [4, 8, 9, 11] , as given in Table 2 , and 2) A satisfactory description of some physical properties such as: PF-phase transition and thermodynamic and optical phenomena, as given in above Sections 3 and 4.
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